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Introduction 
 

 
This document covers the mathematics of index calculations.  To understand and 
successfully use indices for investment analyses, it is important to know how they are 
calculated and how adjustments are made when constituents change or when different 
kinds of corporate actions occur.  While actual index calculations are done almost 
entirely by computer, utilizing a wide range of programs, algorithms and routines, the 
underlying math is fairly straightforward.  This document assumes some acquaintance 
with mathematical notation and simple operations, and little more. At the same time, the 
calculations are presented principally as equations, with a few examples or tables of 
results.  The equations – which have largely been excluded from the individual index 
methodologies – are the most efficient way to present the information. 

Different Varieties of Indices 

A majority of Standard & Poor’s equity indices are market cap weighted and float-
adjusted, where each stock’s weight in the index is proportional to its float-adjusted 
market value.  The first section covers these indices.  A second group of indices are equal 
weighted, where each stock is weighted equally in the index. These are discussed in the 
second section. A third group of indices are weighted by other factors, such as maximum 
weight restrictions or certain attributes used to choose the stocks. These are discussed in 
sections three and four.  A fourth group of indices are leverage and inverse indices, which 
return positive or negative multiples of their underlying indices.  These are discussed in 
section five. 
 
There are also calculations that operate on an index as a whole rather than on the 
individual stocks. These include calculations of total returns and index fundamentals. 
These are covered in sections six and seven below.  
 
Fund strategy indices, another group of indices, include portfolios of funds. These indices 
are covered in section eight. 

The Index Divisor 

Throughout all the calculations there is one concept that is crucially important to 
understanding how indices are calculated – the index divisor.   
 
The simplest capitalization weighted index can be thought of as a portfolio consisting of 
all available shares of the stocks in the index.  While one might track this portfolio’s 
value in dollar terms, it would probably be an unwieldy number – for example, the S&P 
500 market value is roughly $11.8 trillion.  Rather than deal with ten or more digits, the 
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figure is scaled to a more easily handled number, currently around 1250. Dividing the 
portfolio market value by a factor, usually called the divisor, does the scaling. 
 
An index is not exactly the same as a portfolio.  For instance, when a stock is added to or 
deleted from an index, the index level should not jump up or drop down; while a 
portfolio’s value would usually change as stocks are swapped in and out.  To assure than 
the index’s value, or level, does not change when stocks are added or deleted, the divisor 
is adjusted to offset the change in market value of the index.  Thus, the divisor plays a 
critical role in the index’s ability to provide a continuous measure of market valuation 
when faced with changes to the stocks included in the index. In a similar manner, some 
corporate actions that cause changes in the market value of the stocks in an index should 
not be reflected in the index level.  Adjustments are made to the divisor to eliminate the 
impact of these corporate actions. 
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Capitalization Weighted Indices 
 

 
Most of Standard & Poor's indices, indeed most widely quoted stock indices, are 
capitalization-weighted indices. Sometimes these are called value-weighted or market cap 
weighted instead of capitalization weighted.  Examples include the S&P 500, the S&P 
Global 1200 and the S&P/Citigroup indices. Examples from other index providers (where 
some of the details may vary slightly from those described here) include MSCI’s indices, 
FTSE’s indices and Russell’s indices. While Dow Jones does offer market cap weighted 
indices, the well-known Dow Jones Industrial Average is not cap-weighted.  
 
In the discussion below most of the examples refer to the S&P 500 but apply equally to a 
long list of S&P cap-weighted indices. 

Definition 

The formula to calculate the S&P 500 is: 
 

   
Divisor

QP
LevelIndex i

ii∑ ∗
=       (1) 

 
The numerator on the right hand side is the price of each stock in the index multiplied by 
the number of shares used in the index calculation. This is summed across all the stocks 
in the index. The denominator is the divisor.  If the sum in the numerator is $11.8 trillion 
and the divisor is $9.4 billion, the index level would be 1250, close to the current levels 
of the S&P 500. 
 
This index formula is sometimes called a “base-weighted aggregative” method.1  The 
formula is created by a modification of a LasPeyres index, which uses base period 
quantities (share counts) to calculate the price change.  A LasPeyres index would be: 
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1 This term is used in one of the earlier and more complete descriptions of S&P index 
calculations in Alfred Cowles, Common Stock Indices, Principia Press for the Cowles 
Commission of Research in Economics, 1939.  The book refers to the “Standard Statistics 
Company Formula;” S&P was formed by the merger of Standard Statistics Corporation and 
Poor’s Publishing in 1941. 
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In the modification to (2), the quantity measure in the numerator, Q0, is replaced by Q1, 
so the numerator becomes a measure of the current market value, and the product in the 
denominator is replaced by the divisor which both represents the initial market value and 
sets the base value for the index.  The result of these modifications is equation (1) above.  

Adjustments to Share Counts 

Standard & Poor's market cap-weighted indices are float adjusted – the number of shares 
outstanding is reduced to exclude closely held shares from the index calculation because 
such shares are not available to investors. S&P’s rules for float adjustment are described 
in more detail in Standard & Poor's Float Adjustment Methodology or in some of the 
individual index methodology documents. As discussed there, for each stock S&P 
calculates an Investable Weight Factor (IWF) which is the percentage of total shares 
outstanding that are included in the index calculation. When the index is calculated using 
equation (1), the variable Qi is replaced by the product of outstanding shares and the 
IWF: 
 

  iii SharesTotalIWFQ ∗=     (3a) 
 
At times there are other adjustments made to the share count to reflect foreign ownership 
restrictions or to adjust the weight of a stock in an index. These are combined into a 
single multiplier in place of the IWF in equation (3a).   In combining restrictions it is 
important to avoid unwanted double counting.  Let FA represent the fraction of shares 
eliminated due to float adjustment, FR represent the fraction of shares excluded for 
foreign ownership restrictions and IS represent the fraction of total shares to be excluded 
based on the combination of FA and FR. 
 

  If FA > FR then IS = 1- FA,    (4a) 
  If FA < FR then IS = 1-FR    (4b) 

 
and equation (3a) can be written as: 
 

  iii SharesTotalISQ ∗=      (3b) 
 
Note that any time the share count or the IWF is changed, it will be necessary to adjust 
the index divisor to keep the level of the index unchanged. 

Divisor Adjustments 

The key to index maintenance is the adjustment of the divisor.  Index maintenance – 
reflecting changes in shares outstanding, capital actions, addition or deletion of stocks to 
the index – should not change the level of the index. If the S&P 500 closes at 1250 and 
one stock is replaced by another, after the market close, the index should open at 1250 the 
next morning if all of the opening prices are the same as the previous day’s closing 
prices.  This is accomplished with an adjustment to the divisor. 
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Any change to the stocks in the index that alters the total market value of the index while 
holding stock prices constant will require a divisor adjustment.  This section explains 
how the divisor adjustment is made given the change in total market value.  The next 
section discusses what index changes and corporate actions lead to changes in total 
market value and the divisor. 
 
Equation (1) is expanded to show the stock being removed, stock r, separately from the 
stocks that will remain in the index: 
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   (5) 

 
Note that the index level and the divisor are now labeled for the time period t-1 and, to 
simplify this example, that we are ignoring any possible IWF and adjustments to share 
counts.  After stock r is replaced with stock s, the equation will read: 
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In equations (5) and (6) t-1 is the moment right before company r is removed from and s 
is added to the index; t is the moment right after the event. By design, Index Levelt-1 is 
equal to Index Levelt.  Combining (5) and (6) and re-arranging, the adjustment to the 
Divisor can be determined from the index market value before and after the change: 
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Let the numerator of the left hand fraction be called MVt-l, for the index market value at 
(t-1), and the numerator of the right hand fraction be called MVt, for the index market 
value at time t. Now, MVt-1, MVt and Divisort-1 are all known quantities. Given these, it is 
easy to determine the new divisor that will keep the index level constant when stock r is 
replaced by stock s: 
 

  
1t

t
1tt MV
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−
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As discussed below, various index adjustments result in changes to the index market 
value. When these adjustments occur, the divisor is adjusted as shown in equation (8).  
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In some implementations, including the computer programs used in S&P’s index 
calculations, the divisor adjustment is calculated in a slightly different, but equivalent, 
format where the divisor change is calculated by addition rather than multiplication. This 
alternative format is defined here.  Rearranging equation (1) and using the term MV 
(market value) to replace the summation gives: 
 

  
LevelIndex

MVDivisor =     (9) 

 
When stocks are added to or deleted from an index there is an increase or decrease in the 
index’s market value.  This increase or decrease is the market value of the stocks being 
added less the market value of those stocks deleted; define CMV as the Change in Market 
Value.  Recalling that the index level does not change, the new divisor is defined as: 
 

  
LevelIndex
CMVMVDivisorNew

+
=     (10) 

or 
 

  
IndexLevel

CMV
IndexLevel

MVDivisorNew +=   (11) 

 
However, the first term on the right hand side is simply the Divisor value before the 
addition or deletion of the stocks. This yields: 
 

  
IndexLevel

CMVDivisorDivisor OldNew +=   (12) 

 
Note that this form is more versatile for computer implementations.  With this additive 
form, the second term (CMV/Index Level) can be calculated for each stock or other 
adjustment independently and then all the adjustments can be combined into one change 
to the Divisor. 

Necessary Divisor Adjustments 

Divisor adjustments are made “after the close” meaning that after the close of trading the 
closing prices are used to calculate the new divisor based on whatever changes are being 
made.  It is, then, possible to provide two complete descriptions of the index – one as it 
existed at the close of trading and one as it will exist at the next opening of trading.  If the 
same stock prices are used to calculate the index level for these two descriptions, the 
index levels are the same.  
 
With prices constant, any change that changes the total market value included in the 
index will require a divisor change.  For cataloging changes, it is useful to separate 
changes caused by the management of the index from those stemming from corporate 
actions of the constituent companies.  Among those changes driven by index 
management are adding or deleting companies, adjusting share counts and changes to 
IWFs and other factors affecting share counts or stock prices. 
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Index Management Related Changes:  When a company is added to or deleted from 
the index, the net change in the market value of the index is calculated and this is used to 
calculate the new divisor.  The market values of stocks being added or deleted are based 
on the prices, shares outstanding, IWFs and any other share count adjustments. 
Specifically, if a company being added has a total market cap of US$ 1 billion, an IWF of 
85% and, therefore, a float adjusted market cap of US$ 850 million, the market value for 
the added company used is US$ 850 million.  The calculations would be based on either 
equation (8) or equation (12) above. 
 
For most S&P indices, there are a few dates during the year when IWFs and share counts 
are updated. (Typically small changes in shares outstanding are reflected in indices once 
a quarter to avoid excessive changes to an index.)  The revisions to the divisor resulting 
from these are calculated and a new divisor is determined. Equation (12) shows how the 
impact of a series of share count changes can be combined to determine the new divisor. 
 
Corporate Action Related Changes: There are a large range of different corporate 
actions ranging from routine share issuances or buy backs to unusual events like spin-offs 
or mergers. These are listed on the table below with notes about the necessary changes 
and whether the divisor is adjusted. 
 

Corporate Action Comments 
Divisor 

Adjustment 
Company 
added/deleted  

Net change in market value determines the divisor 
adjustment. 

Yes 

Change in shares 
outstanding 

Any combination of secondary issuance, share repurchase 
or buy back – share counts revised to reflect change. 

Yes 

Stock split Share count revised to reflect new count. Divisor 
adjustment is not required since the share count and price 
changes are offsetting. 

No 

Spin-off If the spun-off company is not being added to the index, 
the divisor adjustment reflects the decline in index market 
value (i.e., the value of the spun-off unit). 

Yes 

Spin-off Spun-off company added to the index, no company 
removed from the index. 

No 

Spin-off Spun-off company added to the index, another company 
removed to keep number of names fixed. Divisor 
adjustment reflects deletion. 

Yes 

Change in IWF  Increasing (decreasing) the IWF increases (decreases) the 
total market value of the index. The divisor change 
reflects the change in market value caused by the change 
to an IWF. 

Yes 

Special Dividend When a company pays a special dividend the share price 
is assumed to drop by the amount of the dividend; the 
divisor adjustment reflects this drop in index market 
value. 

Yes 

Rights offering Each shareholder receives the right to buy a proportional 
number of additional shares at a set (often discounted) 
price.  The calculation assumes that the offering is fully 
subscribed. Divisor adjustment reflects increase in market 
cap measured as the shares issued multiplied by the price 
paid. 

Yes 



 
Standard & Poor’s:  Index Mathematics  10 

With corporate actions where cash or other corporate assets are distributed to 
shareholders, the price of the stock will gap down on the ex-dividend day (the first day 
when a new shareholder is not eligible to receive the distribution.)  The effect of the 
divisor adjustment is to prevent this price drop from causing a corresponding drop in the 
index. 

Capped Indices  

At times it is desirable to set a maximum weight for some stocks in an index. In some 
markets regulations restrict the weight of the largest stock or group of stocks to be less 
than a certain percentage of a portfolio.  This is done by a further adjustment to the share 
count, beyond the investable weight factor.  Since the total weight of all stocks in the 
index will add up to 100%, reducing the weight of one stock will increase the weight of 
the others. It is possible that when the largest stock’s weight is brought down below some 
limit, the weight of the next largest – or several next largest – stocks will exceed the 
limit. Therefore, the process must be iterative.  Weights will change over time as stock 
prices move even if share counts remain constant. If a capped stock enjoys a price run-up, 
it may exceed the cap. In most cases buffer zones are used – e.g., if the maximum 
allowable weight is 10% the stock’s shares are adjusted downward until its weight is 9% 
leaving a one-percentage point buffer before another adjustment is necessary. 
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Equal Weighted Indices 
 

Definition 

An equal weighted index is one where every stock has the same weight in the index, and 
a portfolio that tracks the index will invest an equal dollar amount in each security.  As 
stock prices move, the weights will shift and exact equality will be lost. Therefore, an 
equal weighted index must be rebalanced from time to time to re-establish the proper 
weighting.  (In contrast, a cap-weighted index requires no rebalancing as long as there 
aren’t any changes to share counts, IWFs, returns of capital, or stocks added or deleted.) 
 
The overall approach to calculate equal weighted indices is the same as in the cap-
weighted indices; however, the constituents’ market values are re-defined to be values 
that will achieve equal weighting at each rebalancing.  Recall two basic formulae: 
 

  
Divisor

ValueMarketIndexLevelIndex =    (13) 

 
and  
 

  ∑ ∗∗=
i

iii IWFSharesPValueMarketIndex   (14) 

 
To calculate an equal weighted index, the market capitalization for each stock used in the 
calculation of the index is redefined so that each index constituent has an equal weight in 
the index at each rebalancing date. In addition to being the product of the stock price, the 
stock’s shares outstanding, and the stock’s float factor (IWF), as written above – and the 
exchange rate when applicable – a new adjustment factor is also introduced in the market 
capitalization calculation to establish equal weighting. 
 

iiiiii AWFExRateIWFSharesPValueMarketockAdjustedSt ∗∗∗∗=  (15) 
 
where AWFi is the adjustment factor of stock i assigned at each index rebalancing date, t, 
which makes all index constituents modified market capitalization equal (and, therefore, 
equal weight), while maintaining the total market value of the overall index.  The AWF 
for each index constituent, i, at rebalancing date, t, is calculated by: 
 

t,i
t,i

aluetedMarketVFloatAdjus*N
ZAWF =    (16) 
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where N is the number of stocks in the index and Z is an index specific constant set for 
the purpose of deriving the AWF and, therefore, each stock’s share count used in the 
index calculation (often referred to as modified index shares). 
 
The index divisor is defined based on the index level and market value from equation 
(13).  The index level is not altered by index rebalancings. However, since prices and 
outstanding shares will have changed since the last rebalancing, the divisor will change at 
the rebalancing.  
 
So: 
 

 (Divisor) after rebalancing = 
grebalancin before

grebalancin after

 Value) (Index
 Value)  Market(Index

  (16a) 

where, 
 

∑ ∗∗∗∗=
i

iiiii AWFExRateIWFSharesPValueMarketIndex   (16b) 

Corporate Actions and Index Adjustments  

The tables on the following page show the necessary adjustments to the index and the 
divisor for managing an equal weighted index.  One key issue is how to handle events 
when one stock is replaced by another.  Given that stock prices move all the time, the 
index is only truly equally weighted at the rebalancing.  Therefore, when stocks are added 
or deleted either the new stock must assume the actual weight of the old stock or the 
entire index must be rebalanced.  Since index rebalancing generates trading costs for 
tracker funds, the design decision is usually made to have a new stock assume the weight 
of the stock being dropped until the next rebalancing. 
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Index Actions 

S&P parent index 
action 

Adjustment made to the equal weight 
index 

Divisor adjustment 
for the S&P EWI 

Constituent change – 
even number of adds 
and drops  

The company entering the index goes in at 
the weight of the company coming out. This 
weight is used to compute the adjusted 
weight factor of the added stock, using 
Equation 15. If a company is being removed 
at a price of 0.00, the replacement goes in at 
the weight of the deleted company at the 
close on the day before the effective date. If 
more than one company is being replaced in 
the index on a single date, the replacements 
would be in the order stated in the press 
release for the parent index change.  

None  

Constituent change – 
deletion only 

The weights of all stocks in the index will 
change, due to the absolute change in the 
number of index constituents.  Relative 
weights will stay the same.  

Yes 

Share changes between 
quarterly share 
adjustments  

None.  The adjustment factor is changed to 
keep the index weight the same. 

None  

Quarterly share changes There is no direct adjustment.  None 

Corporate Actions 

S&P parent index 
action 

Adjustment made to the equal weight index Divisor adjustment 
for the S&P EWI 

Spin-off  The price is adjusted to the Price of the Parent 
Company minus (the Price of Spin-off 
company/Share Exchange Ratio).  The 
adjustment factor changes according to Equation 
15, to maintain the weight to be the same as the 
company had before the spin-off.  

None  

Rights Offering  The price is adjusted to the Price of the Parent 
Company minus (the Price of Rights 
Offering/Rights Ratio). The adjustment factor 
changes according to Equation 15, to maintain 
the weight to be the same as the company had 
before the rights offering.  

None  

Stock Split  Shares are multiplied by and the price is divided 
by the split factor.  

None  

Share Issuance or 
Share Repurchase  

None.  None  

Special Dividends  The price of the stock making the special 
dividend payment is reduced by the per share 
special dividend amount after the close of 
trading on the day before the ex-date.  

A divisor adjustment 
is made to ensure the 
index level remains 
the same. 
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Modified Market Capitalization Weighted Indices 
 

Definition 

A modified market cap weighted index is one where index constituents have a user-
defined weight in the index.  This methodology is typically used for indices where some 
constituents are confined to a maximum weight (sometimes called capped indices), and 
the excess weight is distributed proportionately among the remaining index constituents.  
As stock prices move, the weights will shift and the modified weights will change. 
Therefore, as in the case of an equal-weighted index, a modified market cap weighted 
index must be rebalanced from time to time to re-establish the proper weighting. 
 
The overall approach to calculate modified market cap weighted indices is the same as in 
the cap-weighted indices; however, the constituents’ market values are re-defined to be 
values that will achieve the user-defined weighting at each rebalancing.  Recall two basic 
formulae: 
 

  
Divisor

ValueMarketIndexLevelIndex =    (17) 

 
and  
 

  ∑ ∗∗=
i

iii IWFSharesPValueMarketIndex   (18) 

 
To calculate a modified market cap weighted index, the market capitalization for each 
stock used in the calculation of the index is redefined so that each index constituent has 
the appropriate user-defined weight in the index at each rebalancing date.  
 
In addition to being the product of the stock price, the stock’s shares outstanding, and the 
stock’s float factor (IWF), as written above – and the exchange rate when applicable – a 
new adjustment factor is also introduced in the market capitalization calculation to 
establish the appropriate weighting. 
 

iiiiii AWFExRateIWFSharesPValueMarketockAdjustedSt ∗∗∗∗=  (19) 
 
where AWFi is the adjustment factor of stock i assigned at each index rebalancing date, t, 
which adjusts the market capitalization for all index constituents to achieve the user-
defined weight, while maintaining the total market value of the overall index.   
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The AWF for each index constituent, i, on rebalancing date, t, is calculated by: 
 

t,i
t,i

t,i W*
aluetedMarketVFloatAdjus

ZAWF =    (20) 

 
where Z is an index specific constant set for the purpose of deriving the AWF and, 
therefore, each stock’s share count used in the index calculation (often referred to as 
modified index shares).  Wi,t is the user-defined weight of stock i on rebalancing date t. 
 
The index divisor is defined based on the index level and market value from equation 
(17).  The index level is not altered by index rebalancings. However, since prices and 
outstanding shares will have changed since the last rebalancing, the divisor will change at 
the rebalancing.  
 
So: 
 

 (Divisor) after rebalancing = 
grebalancin before

grebalancin after

 Value) (Index
 Value)  Market(Index

  (20a) 

where, 
 

∑ ∗∗∗∗=
i

iiiii AWFExRateIWFSharesPValueMarketIndex   (21b) 
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Corporate Actions and Index Adjustments  

The tables below shows the necessary adjustments to the index and the divisor for 
managing a modified market cap weighted index. 

Index Actions 

S&P parent index 
action 

Adjustment made to the modified market 
cap weighted index 

Divisor adjustment 
for the index? 

Constituent change The company entering the index goes in at 
the weight of the company coming out.  

None  

Delisting, acquisition or 
any other corporate 
action resulting in a 
constituent deletion. 

The stock is dropped from the Index  Yes 

Share changes between 
quarterly share 
adjustments  

None.  The adjustment factor is changed to 
keep the index weight the same. 

None  

Quarterly share changes There is no direct adjustment.  None 

Corporate Actions 

S&P parent index 
action 

Adjustment made to the modified market cap 
weighted index 

Divisor adjustment 
for the index? 

Spin-off  The price is adjusted to the Price of the Parent 
Company minus (the Price of Spin-off 
company/Share Exchange Ratio).  The 
adjustment factor changes according to Equation 
20, to maintain the weight to be the same as the 
company had before the spin-off.  

None  

Rights Offering  The price is adjusted to the Price of the Parent 
Company minus (the Price of Rights 
Offering/Rights Ratio). The adjustment factor 
changes according to Equation 20, to maintain 
the weight to be the same as the company had 
before the rights offering.  

None  

Stock Split  Shares are multiplied by and the price is divided 
by the split factor.  

None  

Share Issuance or 
Share Repurchase  

None.  None 

Special Dividends  The price of the stock making the special 
dividend payment is reduced by the per share 
special dividend amount after the close of 
trading on the day before the ex-date.  

A divisor adjustment 
is made to ensure the 
index level remains 
the same. 

Merger or 
acquisition 

If the surviving company is already an index 
member, it is retained in the index.  If the 
surviving company does not meet index criteria, 
it is removed.  

Yes, if there is a 
removal.  
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Attribute Weighted Indices 
 

 
In recent years various new approaches to weighting stocks in indices have appeared to 
supplement cap weighting and price weighting.2  S&P’s Pure Style Indices, introduced in 
2005, are attribute weighted – a stock’s weight depends on the measures of its growth or 
value attributes, the same measure that was used to select stocks for the index.  The 
discussion here covers how these indices are calculated; the selection of stocks is covered 
in the S&P U.S. Style Indices methodology document. 
 
There are both Pure Growth Style and Pure Value Style indices.  Under the selection 
process, each stock has a growth score and a value score. These scores are used to 
identify pure growth stocks and pure value stocks. (A stock cannot be both pure growth 
and pure value; it can be neither pure growth nor pure value.)  The Pure Growth index 
includes only pure growth stocks; a stocks weight in the index is determined by its 
growth score; likewise for pure value.  
 
When the index is rebalanced, the relative weights of any two stocks should be 
proportional to their relative style scores. For instance, in the pure value index, at the 
rebalancing, a stock with a value score of 1.5 should have 50% more weight than a stock 
with a value score of 1.0 (since 1.5 is 50% greater than 1.0).  Since the weight represents 
how much of the index’s total market value is in each stock, the weight depends on both 
the price of the stock and the number of shares held. The design of the index calculation 
procedure determines the number of shares of each stock to be included while the market 
determines the price. 
 
As in the case of equal weighted indices, the general structure follows that used for the 
cap-weighted indices, defining the basic equations as: 
 

  
Divisor

ValueMarketIndexLevelIndex =    (22) 

 
and  
 

  ∑ ∗=
i ii SharesPValueMarketIndex    (23) 

 

                                                 
2 Price weighting means an unweighted or simple average of the stock prices.  It is seldom used 
in new indices but continues to be used by some long-standing indices including the Dow Jones 
Industrial Average and the Nikkei 225 Stock Average. The Dow dates from 1896; the Nikkei 
from 1949. 
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For simplicity, the equations do not include the IWF term even though it is used in the 
actual calculations.  The share count is modified so that the stock’s weight reflects its 
style score rather than its market capitalization.  Define M_Shares as the modified share 
count: 
 

  iii PWFSharesShares_M ∗=     (24) 
 
where PWFi is the Pure Style Weight Factor for stock i. The PWFi depends on the true 
share count (Shares), the style score and the stock’s price value when the index is 
rebalanced. The PWFi  is defined as: 
 

  
rebt,irebt,i

i
i icePrShares

SVk
PWF

== ∗
∗

=    (25) 

 
Sharesi is the true share count, not the modified share count. SVi is the value score of 
stock i. The factor k is included to scale the numbers; the denominator is quite large and 
without k the PWFi would be a very small number.  SV is the capped value score (to 
prevent outliers from having high weights in the index, the scores are capped at 2, 
effectively chopping off a distribution at two standard deviations away from the mean.) 
The subscript t=reb indicates that the shares and price for stock i are evaluated at the 
rebalancing date.  Note also that the IWF would be included in the actual calculation.  
 
By substituting (25) into (24) and then (24) into (23):  
 

  
rebt,irebt,i

t,it,ii

i SharesP
SharesPSVk

ValueMarketIndex
== ∗

∗∗∗
=∑  (26) 

 
Note that we have substituted for M_shares so that the Shares variable in (26) is the 
actual shares.  Now, re-arranging terms on the right hand side: 
 

   ∑
== ∗

∗
∗×=

i rebt,irebt,i

t,it,i
i SharesP

SharesP
SVk    (27) 

 
The fraction term inside the summation sign is one plus the proportional increase or 
decrease in the value of the stock since the rebalancing (in effect the “value relative”). 
Therefore, the right hand side of (27) represents the weighted average of the value 
relatives of the stocks where the weights are the value scores.  Recalling (22), we can 
define the index as: 
 

  
Divisor

SharesP
SharesP

SVk
IndexLevel i rebt,irebt,i

t,it,i
i∑

== ∗

∗
∗

=   (28) 
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Users of Standard & Poor’s attribute weighted indices typically get the modified index 
shares and price in daily files from Standard & Poor’s, and do not have to do the above 
calculations themselves. Having a simple share number in terms of the modified index 
shares helps fit these indices seamlessly into systems designed for market capitalization 
weighted indices. 

Corporate Actions 

Parent Index Action Adjustment made to Pure Style Index 
Divisor adjustment 

required? 
Constituent change  If the constituent being dropped is a 

member of the Pure Style Index, it is 
removed from the Pure Style Index.  

The replacement stock can be added to 
either the pure value or the pure growth 
index, or to neither.  

The weight is simply the ratio of the capped 
style score of the added stock divided by the 
sum of style scores of all index constituents. 
The indicative weight is announced through 
Standard & Poor’s Index Alert. 

Yes 

Share changes between 
quarterly share 
adjustments  

The weight of stocks is unchanged.  
 
(The share count follows the parent index 
share count. To keep weights of stocks 
unchanged following a share change the 
PWF is adjusted for the stock whose shares 
are being changed.)  

No  

Quarterly share changes If the annual rebalancing date coincides 
with a quarterly share update, this is the 
only time when weights are revised.  

Yes if it coincides, 
No otherwise.  

Spin-off  The weight of stocks is unchanged.  
 
The price follows the parent index price 
change. To keep weights of stocks 
unchanged following price change, PWF is 
adjusted for the stock whose shares are 
being changed.  

No 

Rights Offering  The weight of stocks is unchanged. 
 
The price follows the parent index price 
change. To keep weights of stocks 
unchanged, PWF is adjusted for the stock 
whose shares are being changed.  

No 
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Parent Index Action Adjustment made to Pure Style Index 
Divisor adjustment 

required? 
Stock Split  Shares are multiplied by and the price is 

divided by the split factor.  
No 

Special Dividends  The price of the stock making the special 
dividend payment is reduced by the per 
share special dividend amount after the 
close of trading on the day before the ex-
date.  

Yes 
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Leveraged and Inverse Indices 
 

Leveraged Indices 

Standard & Poor's Leveraged Indices are designed to generate a multiple of the return of 
the underlying index in situations where the investor borrows funds to generate index 
exposure beyond his/her cash position.  The approach is to first calculate the underlying 
index, then calculate the daily returns for the leveraged index and, finally, to calculate the 
current value of the leveraged index by incrementing the previous value by the daily 
return.  There is no change to the calculation of the underlying index. 
 
The daily return for the leveraged index consists of two components: (1) the return on the 
total position in the underlying index less (2) the borrowing costs for the leverage. 
 
The formula for calculating the Leveraged Index is as follows: 
 

1t,t
1t

t D
360

RateBorrowing
)1K(1

IndexUnderlying
IndexUnderlying

KturnReIndexLeveraged −
−

∗⎟
⎠

⎞
⎜
⎝

⎛
∗−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−∗=

 (29) 
 
In equation (29) the borrowing rate is applied to the leveraged index value because this 
represents the funds being borrowed.  Given this, the Leveraged Index Value at time t can 
be calculated as: 
 

)turnReIndexLeveraged1()ValueIndexLeveraged(IndexValueLeveraged 1tt +∗= −  (30) 
 
Substituting (29) into (30) and expanding the right hand side of (30) yields: 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∗⎥
⎦

⎤
⎢
⎣

⎡
−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+

=

−
−

− 1t,t
1t

t
1t

t

D
360

RateBorrowing
*)1K(1

IndexUnderlying
IndexUnderlying

*K1*IndexValueLeveraged

IndexValueLeveraged

          (31) 
 
where: 
 

K (K≥ 1) = Leverage Ratio 
• K =1, no leverage 
• K =2, Exposure = 200% 
• K = 3, Exposure = 300% 
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Borrowing Rate = Overnight LIBOR in the U.S. or EONIA in Europe 
 
Dt, t-1 = the number of calendar days between date t and t-1 
 

In the absence of leverage (K=1), 
 

⎥
⎦

⎤
⎢
⎣

⎡
−=

−
− 1

IndexUnderlying
IndexUnderlying

ValueIndexLeveragedValueIndexLeveraged
1t

t
1tt  (32) 

 
The leverage position is rebalanced daily.  This is consistent with the payoff from futures 
based replication.  

Inverse Indices 

Standard & Poor's Inverse indices are designed to provide the inverse performance of the 
underlying index; this represents a short position in the underlying index. When an 
investor holds a short position he/she must pay dividends and interest for the borrowed 
stock. The calculation follows the same general approach as the leveraged index with 
certain adjustments: First, the return on the underlying index is reversed and is based on 
the total return of the underlying index so that dividends and price movements are 
included. Second, while the costs of borrowing the securities are not included, there is an 
adjustment to reflect the interest earned on both the initial investment and the proceeds 
from selling short the securities in the underlying index. These assumptions reflect 
normal industry practice. (Straightforward adjustments can be made to either to include 
the costs of borrowing securities or to exclude the interest earned on the shorting 
proceeds and the initial investment.) 
 
The general formula for the return to the inverse index is  
 

1t,t

1t

t

D
360

RateLending
)1K(

1
turnReIndexTotalUnderlying
turnReIndexTotalUnderlying

KturnReIndexInverse

−

−

⎟
⎠

⎞
⎜
⎝

⎛
∗++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∗−=

 (33) 

 
Where the first right hand side term represents the total return on the underlying index 
and the second right hand side term represents the interest earned on the initial 
investment and the shorting proceeds. 
 
Expanding this as done above for the leveraged index yields:  
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∗⎥⎦

⎤
⎢⎣

⎡+−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

=

−
−

− 1t,t
1t

t
1t

t

D
360

eLendingRat
*)1K(1

IndexTRUnderlying
IndexTRUnderlying

*K1*IndexValueInverse

exValueInverseInd

          (34) 
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where: 
 

K (K≥ 1) = Leverage Ratio 
• K =1, Exposure = -100% 
• K =2, Exposure = -200% 
• K = 3, Exposure = -300% 

 
Lending Rate = Overnight LIBOR in the U.S. or EONIA in Europe 
 
Dt, t-1 = the number of calendar days between date t and t-1 
 

 
In the absence of leverage (K =1), 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∗⎥⎦

⎤
⎢⎣

⎡−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

=

−
−

− 1t,t
1t

t
1t

t

D
360

eLendingRat
*)2(1

IndexTRUnderlying
IndexTRUnderlying

1*IndexValueInverse

exValueInverseInd
 

          (35) 
 
The inverse position is rebalanced daily. This is consistent with the payoff from futures 
based replication. 
 
 



 
Standard & Poor’s:  Index Mathematics  24 

Total Return Calculations 
 

 
The preceding discussions were related to price indices where changes in the index level 
reflect changes in stock prices.  In a total return index changes in the index level reflect 
both movements in stock prices and the reinvestment of dividend income.  A total return 
index represents the total return earned in a portfolio that tracks the underlying price 
index and reinvests dividend income in the overall index, not in the specific stock paying 
the dividend. 
 
The total return construction differs from the price index and builds the index from the 
price index and daily total dividend returns.  The first step is to calculate the total 
dividend paid on a given day and convert this figure into points of the price index: 
 

  ii
i

SharesDividendDividendTotalDaily ∗=∑   (36) 

 
Where Dividend is the dividend per share paid for stock i and Shares are the shares. This 
is done for each trading day.  Dividendi is generally zero except for four times a year 
when it goes ex-dividend for the quarterly dividend payment. Some stocks do not pay a 
dividend and Dividend is always zero.  TotalDailyDividend is measured in dollars. This is 
converted to index points by dividing by the divisor for the underlying price index: 
 

  
Divisor

DividendTotalDailyendIndexDivid =    (37) 

 
The next step is to apply the usual definition of a total return from a financial instrument 
to the price index. Equation (38) gives the definition, equation (39) applies it to the index: 
 

  1)
P

DP
(turnReTotal

1t

tt −
+

=
−

    (38) 

and  

  )1
IndexLevel

endIndexDividIndexLevel
(DTR

1t

tt
t −

+
=

−

  (39) 

 
where the TotalReturn and the daily total return for the index (DTR) is stated as a 
decimal. The DTR is used to update the total return index from one day to the next: 
 
  )DTR1()IndexturnReTotal(IndexturnReTotal t1tt +∗= −  (40) 
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Index Fundamentals 
 

 
Indices are often used to measure market conditions or gauge valuations among markets 
or between stocks and indices through measures like earnings per share (EPS), price-
earnings ratios, dividend yields and so forth.  These are calculated by using the divisor as 
if it represents shares for a company. The basic format is illustrated for the EPS for an 
index: 
 

  
Divisor

shareseps
EPSIndex i

ii∑ ∗
=     (41) 

 
where IndexEPS is the EPS for the overall index, epsi  is the EPS for stock i and sharesi 
are the shares used to calculate the index with any adjustments such as the IWF 
incorporated into the figure.   If the calculation refers to an equal weighted or attribute 
weighted index, the calculation use the shares defined for those indices (C_shares or 
M_shares, as appropriate). 
 
The price-earnings (PE) ratio for the index is simply the ratio of the index level (or price) 
to the index EPS.  For a cap-weighted index, this can also be calculated directly from the 
stock level data by dividing the total market cap of the index by total earnings of all 
companies in the index.  In this calculation, the Divisor terms in the denominator drop 
out: 
 

  

Divisor
Shareseps

Divisor
SharesP

IndexPE
ii

ii

∑

∑

∗

∗

=     (42) 

 
The same general approach can be used for various index fundamentals and ratios such as 
book value per share, price-to-book, dividend-to-price (i.e. dividend yield) and so forth. 
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Fund Strategy Indices 
 

 
A fund strategy index is a portfolio of funds that is designed to deliver excess returns 
over a benchmark within an established risk framework.  A fund strategy index can 
include a portfolio of funds for a single asset class (i.e. U.S. equities) or cover multiple 
asset classes (i.e. asset allocation programs).  Fund strategy indices are created with U.S. 
mutual funds for U.S. investors or International (offshore) funds for non-U.S. investors.   
 
Each fund’s weight within the strategy index portfolio is determined by a rules-based 
portfolio construction methodology. The calculation process for fund strategy indices are 
based upon the divisor method commonly used for S&P equity indices.  However, the 
share count is redefined to be a number that will achieve the fund’s allocation weighting 
at the rebalancing date.   
 

Divisor
ValueMarketIndexLevelIndex =     (43) 

 
and  
 

∑ ∗=
i ii SharesNAVValueMarketIndex    (44) 

 
where NAV is the Net Asset Value, a fund’s share price.   
 
To calculate a fund index, shares are redefined.  Rather than being the actual count of 
shares multiplied by the investable weight factors (IWF) or other such adjustment factors, 
the Shares number is calculated to establish the allocation weighting at the rebalancing 
date.  For clarity, this section will refer to the “shares” figure as fund_shares.  Not only 
are these not the true share count, they have essentially no relation to a fund’s true share 
count.  Since fund_shares are being used instead of true shares, the Index Market Value 
defined in (44) is not the actual market value of the index.  In a fund strategy index the 
Index Market Value is an arbitrary or nominal value for the portfolio used when the 
fund_shares figure is established. The fund_shares are calculated at each rebalancing:    

 

dategrebalancini,

dategrebalancini,
dategrebalancin,i NAV

w
shares_fund =            (45) 

 
      

where wi is the new allocation weight and NAVi is the price of the fundi at the rebalancing 
date.  
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At each index rebalancing, in order to maintain index series continuity, it is also 
necessary to adjust the divisor. 
 

(Index Level) before rebalancing = (Index Level) after rebalancing   (46) 
 
Therefore, 
 

 (Divisor) after rebalancing = 
grebalancinbefore

grebalancinafter

Level) (Index

Value)  Market(Index
  (47) 

where, 
 

 i
i

i sfund_shareNAVValueMarketIndex ∗=∑  

Total Return and Synthetic Price Indices 

Some funds, primarily international (offshore), provide investors with accumulating or 
distributing share classes.  The accumulating share class does not declare nor pay out net 
income and/or net realized capital gains.  Net income and/or net realized capital gains are 
retained and included in the net asset value per share.  The distributing share class 
declares and pays out net income and net capital gains.  For consistency, S&P publishes 
total return and synthetic price return indices.   
 
Total Return Index 
 
The total return index assumes dividend and capital gain distributions are reinvested in 
the index.  Note that the results will be different if an investor held all funds in an index 
in the correct proportions and instructed each fund company to reinvest distributions into 
the fund paying those distributions.  On any given date t: 
 

Total Return Indext =  
 

t1t MultiplierReturnTotalIndexReturnTotal ∗−   
 
where 

  
Total Return Multipliert =  
  

1t

tt

ValueIndex
PointsonDistributiIndexLevelIndex

−

+
   (48) 

and, 
 

Index Distribution Pointst =  
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t

ti,

N

1i
ti,

Divisor

onsDistributisfund_share ∗∑
=     (49) 

 
Synthetic Price Index 
 
The synthetic price index is calculated from the total return strategy index and is based 
upon the ratio of the benchmark’s total return index to its price index from the base date 
of the fund strategy index.       
 
Price Indext = 
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⎠

⎞
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⎝

⎛
∗⎟⎟
⎠
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⎝

⎛

⎟
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⎠

⎞
⎜
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⎝
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∗
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t

t

datebase

datebase

t
datebase

IndexTRBenchmark
IndexTRBenchmark

IndexPriceBenchmark
IndexPriceBenchmark

IndexReturnTotal
IndexReturnTotalIndexPrice

   (50) 

  

Index and Corporate Actions 

S&P fund index action  
Adjustment made to fund index 

Divisor adjustment 
for the fund index? 

Constituent Change 
 

The fund entering the index goes in at the 
weight of the fund coming out.  This 
weight is used to compute fund_shares of 
the added fund, using Equation 45.   

No. 

Fund added/deleted  Net change in fund index market value 
determines divisor adjustment.   

Yes. 

 
 

Corporate Action Adjustment made to strategy index Divisor adjustment 
for strategy index 

Fund Closing Funds must be open to new investments.  
Fund will be removed from the index.  

Yes, if fund removed 
without replacement. 
No, if fund replaced. 

Fund Split Fund_shares are multiplied by and NAV 
is divided by the split factor.  

No. 
 

Fund Merger – fund is 
the acquiring fund. 

Assets will be added to the fund at NAV.  
No change in fund_shares.    

No. 

Fund Merger – fund is 
merged into another 
fund. 

Fund no longer available.  Fund will be 
removed from the index.   

Yes, if fund removed 
without replacement. 
No, if fund replaced. 

Fund Liquidation Fund no longer available.  Fund will be 
removed from the index.   

Yes, if fund removed 
without replacement. 
No, if fund replaced. 
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Dividend Indices 
 

 
Standard & Poor’s Dividend Indices are designed to track the total dividend payments 
from the constituents of an underlying index.  The level of the index is based on a 
running total of dividends of the constituents of the underlying index.  The index resets to 
zero on a periodic basis, generally quarterly or annually.  Thus, the index measures the 
total dividends paid in the underlying index since the previous rebalancing date.  For 
quarterly indices, the index resets on the third Friday of the month of the quarter to 
coincide with futures and options expiration. 
 
The formula for calculating the dividend index on any date, t, for a given underlying 
index, x, is: 
 
 

  ∑
+=

=
t

1ri
x,ix,t IDdexDividendIn     (51) 

 
where: 
 

IDi,x   = The index dividend of the underlying index x on day i. 
 
t = The current date. 
 
r+1 = The trading date immediately following the reset date of the index. 
 

The index dividend (ID) of the underlying index is calculated on any given day as the 
total dividend value for all constituents of the index divided by the index divisor.  The 
total dividend value is calculated as the sum of dividends per share multiplied by shares 
outstanding for all constituents of the index which have a dividend going ex on the date 
in question.  For more detail concerning the calculation of index dividends please refer to 
the Total Returns Calculation section above. 
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Excess Return Indices 
 

 
Standard & Poor’s Excess Return Indices are designed to track an unfunded investment 
in an underlying index.  In other words, an excess return index calculates the return on an 
investment in an index where the investment was made through the use of borrowed 
funds.  Thus the return of an excess return index will be equal to that of the underlying 
index less the associated borrowing costs.  
 
The formula for calculating the Excess Return Index is as follows: 
 

1t,t
1t

t D
360

RateBorrowing1
IndexUnderlying
IndexUnderlying

turnReExcess −

−

∗⎟
⎠
⎞
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−=  (52) 

 
The Excess Return Index Value at time t can be calculated as: 
 

)turnReExcess1()ValueIndexturnReExcess(IndexValueturnReExcess 1tt +∗= −

          (53) 
 
Substituting (52) into (53) and expanding the right hand side of (53) yields: 
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          (54) 
 
where: 

 
Borrowing Rate =  The investment funds borrowing rates, which will differ for each 

excess return index. Generally an overnight rate, such as overnight LIBOR in 
the U.S. or EONIA in Europe, will be used.  However, in some cases other 
interest rates may be used.  A 360-day year is assumed for the interest 
calculations in accordance with U.S. banking practices. 

 
Dt, t-1 =  The number of calendar days between date t and t-1 
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Risk Control Indices 
 

 
Standard & Poor's Risk Control Indices are designed to track the return of a strategy 
that applies dynamic exposure to an underlying index in an attempt to control the 
level of volatility. 
 
The Index includes a leverage factor that changes based on realized historical 
volatility.  If realized volatility exceeds the target level of volatility, the leverage 
factor will be less than one; if realized volatility is lower than the target level, the 
leverage factor will be greater than one. The Risk Control Index may have a 
maximum leverage factor that cannot be exceeded. There are no guarantees that the 
Index shall achieve its stated targets. 
 
The daily return of the Index consists of two components: (1) the return on the 
position in the underlying index and (2) the interest cost or gain, depending upon 
whether the position is leveraged or deleveraged. 
 
A leverage factor greater than 1 represents a leveraged position and a leverage factor 
less than 1 represents a deleveraged position.  
 
The formula for calculating the Risk Control Index is as follows: 
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The Risk Control Index Value at time t can then be calculated as: 
 

)ReturnlIndexRiskContro1(*)ValuelIndexRiskContro(
elIndexValuRiskContro

t1t
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  (56) 

 
Substituting equation (55) into (56) and expanding yields: 
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          (57) 
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where: 
 

Interest Ratet-1 = the interest rate set for the index.  The interest rate may be an  
overnight rate, such as LIBOR or EONIA, or a daily valuation of a longer term 
interest rate.  A 360-day year is assumed for the interest calculations in accordance 
with U.S. banking practices. 
 
Dt-1, t  =  the number of calendar days between day t-1 and day t 
 
Kt  =  the leverage factor, calculated as: 
 

Min(Max K, Target Volatility/Realized Volatilityt-3)  
 
UnderlyingIndext = the level of the underlying index on day t 
 
UnderlyingIndext-1 = the level of the underlying index on day t-1 
 
Max K  = the maximum leverage factor allowed in the Index 
 
Target Volatility =  the target level of volatility set for the Index 
 
Realized Volatilityt-3  =   The historical realized volatility of the Underlying Index 

as of the close of three trading days prior to day t, where a trading day is 
defined as a day on which the underlying index is calculated.  

 
Realized Volatilityt  =  The historical realized volatility of the Underlying Index. 

The realized volatility is calculated as a maximum of two exponentially 
weighted moving averages, one measuring short-term and one measuring 
long-term volatility.  

 
( )t,Lt,St latilityRealizedVo,latilityRealizedVoMaxlatilityRealizedVo =  

 
where: 

 
S,t    = The short-term volatility measure, calculated as: 
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L,t    = The long-term volatility measure, calculated as: 
 
 

 
where: 

 
T0 = the start date for the Risk Control Index  
 
n = the number of days inherent in the return calculation used for determining 

volatility.  If n = 1 daily returns are used, while if n = 2 two day returns are 
used, and so forth. 

 
m = the Nth trading day prior to T0 
 

Sλ  =  The short-term decay factor used for exponential weighting.  The decay 
factor is a number greater than zero and less than one that determines the 
weight of each daily return in the calculation of historical variance. 

 
Lλ  = The long-term decay factor used for exponential weighting.  The decay factor 

is a number greater than zero and less than one that determines the weight of 
each daily return in the calculation of historical variance. 

 
i,m,Sα  = Weight of date t in the short-term volatility calculation, as calculated 

based on the following formula: 
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i,m,Lα   =   Weight of date t in the long-term volatility calculation, as calculated 

based on the following formula: 
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∑
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N = Number of trading days observed for calculating initial variance as of the start 

date of the index. 
 

The interest rate, maximum leverage, target volatility and the lambda decay factors are 
defined in relation to each index and are generally held constant throughout the life of the 
index.  The leverage position changes on a daily basis based on changes in realized 
volatility.  There is a two-day lag between the calculation of the leverage factor, based on 
the ratio of target volatility to realized volatility, and the implementation of that leverage 
factor in the index.  
 
The above formulae can be used for simpler models by appropriate choice of parameters. 
For example, if the short-term and long-term decay factors, Sλ and Lλ  are set to the 
same value (e.g. 5%) than there are no separate considerations for short-term and long-
term volatility. Similarly, i,m,Sα and i,m,Lα can be set to 1, thus resulting in a simple 
weighted moving average volatility calculation rather than an exponentially weighted 
calculation. 
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All rights reserved.  Standard & Poor’s does not undertake to advise you of changes in 
the information contained in this report. 
 
These materials have been prepared solely for informational purposes based upon 
information generally available to the public from sources believed to be reliable.  
Standard & Poor’s makes no representation with respect to the accuracy or completeness 
of these materials, the content of which may change without notice.  The methodology 
involves rebalancings and maintenance of the indices that are made periodically during 
each year and may not, therefore, reflect real time information.  Standard & Poor’s 
disclaims any and all liability relating to these materials and makes no express or implied 
representations or warranties concerning the accuracy or completeness of the report. 
 
No portion of this publication may be reproduced in any format or by any means 
including electronically or mechanically, by photocopying, recording or by any 
information storage or retrieval system, or by any other form or manner whatsoever, 
without the prior written consent of Standard & Poor’s. 
 
Analytic services and products provided by Standard & Poor’s are the result of separate 
activities designed to preserve the independence and objectivity of each analytic process.  
Standard & Poor’s has established policies and procedures to maintain the confidentiality 
of non-public information received during each analytic process. 




